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Imposition of Cauchy data to the Teukolsky equation. III. The rotating case
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We solve the problem of expressing the Weyl scalarsc that describe gravitational perturbations of a Kerr
black hole in terms of Cauchy data. To do so we use geometrical identities~such as the Gauss-Codazzi
relations! as well as the Einstein equations. We are able to explicitly expressc and] tc as functions only of the
extrinsic curvature and the three-metric~and geometrical objects built out of it! of a generic spacelike slice of
the spacetime. These results provide the link between initial data andc to be evolved by the Teukolsky
equation, and can be used to compute the gravitational radiation generated by twoorbiting black holes in the
close limit approximation. They can also be used to extract wave forms from numerically generated space-
times.@S0556-2821~98!00420-2#

PACS number~s!: 04.30.Db, 04.70.Bw
l
ck
e

of
ac

a
de

ry
ai
th
su
in
h
d

th

ha

c
o

tia
u

or

c

y
ua

t
to

re
f

he
tive
lso

n
u-

s.

onal

c-

ely.
i-

ti-

s

I. INTRODUCTION

Perturbation theory has emerged as a ubiquitous too
study the dynamical evolution of situations involving bla
holes without symmetries. In particular, it has recently be
demonstrated@1# that it can be used to study the collision
black holes when the two black holes start close to e
other.

Up to now, use of perturbation theory in this context h
been limited to non-rotating spacetimes. There is a well
fined formalism~the Teukolsky@2# equation! for studying
perturbations of rotating black holes. However, until ve
recently, studies had been limited to the frequency dom
given that the Teukolsky equation is not separable in
time domain. No one had therefore paid attention to the is
of formulating initial data for the Teukolsky equation
terms of Cauchy data for the perturbations. The lack of t
formulation becomes an important issue given the recent
velopment of codes to evolve the Teukolsky equation in
time domain@3#.

In Ref. @4# this question was reexamined. It was noted t
the expressions of Chrzanowsky@5# for the Weyl scalarsc4
andc0 in terms of metric perturbations were written as se
ond order operators on the four-metric and appeared inc
venient at the moment to use them for building up the ini
values needed to start the integration of the Teukolsky eq
tion. Reference@4# also showed how to solve the problem f
a nonrotating background, i.e. perturbations around
Schwarzschild hole by relating Weyl scalarsc, to the Mon-
crief waveformsfM , an alternative description of metri
perturbations explicitly built up out of the three-metricḡi j
and the extrinsic curvatureKi j of the hypersurfacet
5const. In Ref.@6# the c2fM relations were successfull
tested with a program for integration of the Teukolsky eq
tion.

It is not obvious how to extend the above techniques
the rotating case. Thus, in the present paper we turned
more geometrical approach that lead us to the desired
tions for rotating holes. In Sec. II we collect the results o
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the 311 decomposition reviewed in Ref.@7# that are rel-
evant for our derivation. This has the advantage thatc is
automatically independent of the shift, so we are left with t
task of proving that terms depending on the first perturba
order lapse vanish. This is done in Sec. III, where we a
build up ] tc in terms only of ḡi j and Ki j . These results
allow to compare, for a given set of initial data, evolutio
through integration of the full Einstein equations and Te
kolsky equation~linearization around a Kerr hole!, and test,
for instance, the close limit approximation for orbiting hole

Notation: We use Ref.@8# conventions. An overbar on
geometric quantities means that they are three-dimensi
quantities, i.e. defined on thet5const hypersurfacesS t ~an
exception to this rule is the complex conjugation of the ve
tor ma, i.e. m̄a). ~a,b! and @a,b# on indicesa,b represent
the usual symmetric and antisymmetric parts respectiv
Greek letters indices run from 0 to 3 while latin letters ind
ces run from 1 to 3. Subindexes~0! and ~1! mean pieces of
exclusively zeroth and first order respectively.

II. GEOMETRIC STRUCTURE AND GRAVITATION

In this section we will set up several geometrical iden
ties that will be needed for the proof. Following Ref.@7# we
write the metric as

ds252N2~u0!21gi j u
iu j , ~2.1!

with u05dt andu i5dxi1Nidt, whereNi is the shift vector
andN the lapse.

The cobasisua satisfies

dua52
1

2
Cbg

a ub∧ug ~2.2!

with C0 j
i 52Cj 0

i 5] jN
i and all other structure coefficient

vanish. Note thatḡi j 5gi j and ḡi j 5gi j .
The spacetime connection one-forms are defined by
© 1998 The American Physical Society19-1
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vbg
a 5Gbg

a 1gadCd(b
e gg)e2

1

2
Cbg

a 5v~bg!
a 1v [bg]

a ,

~2.3!

where Gbg
a are the Christoffel symbols. These connecti

forms are written out explicitly in@9#. In particular, v i
jk

5G i
jk5Ḡ i

jk , and the extrinsic curvature is given by

Ki j 52Nv i j
0 [2

1

2
N21]̂0gi j , ~2.4!

where we define the operator

]̂05
]

]t
2LN , ~2.5!

with LN the Lie derivative on the hypersurfaceS t with re-
spect to the vectorNi . Note that]̂0 and] i commute.

The Riemann curvature tensor is given by@9#

Ra
brs5]rvbs

a 2]sva
br1va

lrvl
bs2va

lsvl
br

2va
blCl

rs . ~2.6!

In the next section we will need to rewrite the Weyl sc
lars in terms of hypersurface quantities only. With this a
we relate the space-time Riemann tensor components to
3-dimensional Riemann and the extrinsic curvature tenso

Ri jkl 5R̄i jkl 12Ki [kKl ] j , ~2.7!

R0i jk52N¹̄ [ jKk] i , ~2.8!

R0i0 j5N~ ]̂0Ki j 1NKipKp
j1¹̄ i¹̄ jN!.

~2.9!

Another important relation in three dimensions is

R̄i jkl 52gi [kR̄l ] j12gj [ l R̄k] i1R̄gi [ lgk] j . ~2.10!

The Ricci tensorRab5Rs
asb is given by

Ri j 5R̄i j 2N21]̂0Ki j 1KKi j 22KipKp
j2N21¹̄ i¹̄ jN,

~2.11!

R0i5N¹̄ j~Kgi j 2Ki j !, ~2.12!

R005N¹̄2N2N2KpqK
pq1N]̂0K. ~2.13!

In order to take into account the source terms, we cons
the Einstein equations asRab5Tab2 1

2 gabT. For instance,
the ‘‘energy constraint’’ is defined by

G0
05

1

2
~KmkK

mk2K22R̄!5T0
0 . ~2.14!

Finally, from the above definitions

]̂0R̄i j 5¹̄k~ ]̂0Ḡ i j
k !2¹̄ j~ ]̂0Ḡ ik

k !, ~2.15!
08401
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where

]̂0Ḡ i j
k 522¹̄ ( i~NKj )

k!1¹̄k~NKi j !. ~2.16!

Note that writing equations in terms of]̂0 instead of] t
allowed us to get rid of the shift dependence. This is beca
]̂0 is orthogonal to the spacelike hypersurfaceS t . With the
identities we derived in this section we are now ready
attack the main point of this paper.

III. WEYL SCALARS FOR FIRST ORDER
PERTURBATIONS

For the computation of gravitation radiation from astr
physical sources it is convenient to work with the Weyl sc
lar

c452Cabgdnam̄bngm̄d,

since it is directly related to the outgoing gravitation
waves. Forc4 ~and c0) it is equivalent to work with con-
tractions of the Riemann tensor even in non-vacuum spa

times ~sincegmnnmm̄n50):

2c45Ri jkl n
im̄jnkm̄l14R0 jkln

[0m̄j ]nkm̄l

14R0 j 0ln
[0m̄j ]n[0m̄l ] .

Equations~2.7! and ~2.8! directly give us the two first
terms in the above sum in terms of hypersurface geometr
objects (gi j ,Ki j ). In the last term we have to make use of t
Einstein equation~2.11! to eliminate]̂0Ki j . If one now con-
siders first order perturbations around a Kerr hole, one wo
have to consider inc4 two types of terms: terms that involv
first order perturbative Riemann tensors contracted with
background tetrads and terms that involve the Riemann
sor of the background contracted with three background
one perturbative tetrads. It is not difficult to see that the la
terms vanish for the Kerr background. For the Kerr geome
the only non-vanishing Weyl scalar is c2

5Rabgdl ambngm̄d and one can quickly see that the abo
contributions, even with one of the tetrads being a pertur
tive one, still vanish. For instance, consider the te

Ri jkl 0n(1)
i m̄jnkm̄l . This term vanishes because it is co

tracted with twom̄ vectors, and any contraction with a re
peated tetrad vector of the Riemann tensor similarly vanis
for the Kerr spacetime. Arguments along the same lines
ply to the other terms.

Let us turn our attention to the terms that involve the fi
order Riemann tensors contracted with the background
rads. Taking a look at Eqs.~2.7!–~2.9! we see that if one
considers first order perturbations, we will have expressi
involving the first order extrinsic curvature, metric, an
lapse. We do not want our final expression to depend on
perturbative lapse. It is easy to see that it actually does
depend on it. ForR0i jk we see that the lapse appears as
overall factor. So the expression evaluated for the pertur
9-2
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tive lapse is proportional to the expression evaluated in
background, which vanishes. ForR0i0 j , if we rewrite it us-
ing the Einstein equation~2.11!, the lapse again appears
an overall factor and the same argument as forR0i jk applies.
As a separate check, we have verified the independenc
the perturbative lapse and shift using computer algebra.

The final result for the first order expansion of the We
scalarc4 therefore is

2c4
~1!5@R̄i jkl 12Ki [kKl ] j #~1!n

im̄jnkm̄l

24N~0!@K j [k,l ]1Ḡj [k
p Kl ] p#~1!n

[0m̄j ]nkm̄l

14N~0!
2 F R̄j l 2K jpKl

p1KK jl

2Tjl 1
1

2
Tgjl G

~1!

n[0m̄j ]n[0m̄l ] ~3.1!

whereN(0)5(gBackg
tt )21/2 is the zeroth order lapse,ni ,m̄j are

two of the null vectors of the~zeroth order! tetrad~see Ref.
@2#!, latin indices run from 1 to 3, and the brackets are co
puted to only first order~zeroth order excluded!.

To obtain ] tc4 , the other relevant quantity in order t
start the integration of the Teukolsky equation, we can op
ate with ]̂0 on c4 given by Eq.~3.1! to find

] tc4
~1!5N~0!

f ]f~c4!2nim̄jnkm̄l@ ]̂0Ri jkl #~1!

14N~0!n
[0m̄j ]nkm̄l@ ]̂0K j [k,l ]

1 ]̂0G j [k
p Kl ] p1Ḡj [k

p ]̂0Kl ] p#~1!

24N~0!
2 n[0m̄j ]n[0m̄l ]F ]̂0R̄j l

22K ( l
p ]̂0K j )p22N~0!K jpKq

pKl
q

1K jl ]̂0K1K ]̂0K jl 2 ]̂0Tjl

1
1

2
gjl T2N~0!TKjl G

~1!

~3.2!

where we made use of the equality

gip]̂0gp j52NKi
j .

The derivatives appearing in Eq.~3.2! can be obtained
from Eq. ~2.13!

]̂0K5N~0!KpqK
pq2¹̄2N~0!2N~0!

21T00, ~3.3!

from Eq. ~2.14!

]̂0R̄52Kpq]̂0Kpq14N~0!KpqKs
pKsq22K ]̂0K22]̂0T0

0 ,
~3.4!

and from Eqs.~2.10! and ~2.4!
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]̂0Ri jkl 524N~0!H Ki [kR̄l ] j2K j [kR̄l ] i

2
1

2
R̄~Ki [kgl ] j2K j [kgl ] i !J

12gi [k]̂0R̄l ] j22gj [k]̂0R̄l ] i

2gi [kgl ] j ]̂0R̄12Ki [k]̂0Kl ] j

22K j [k]̂0Kl ] i . ~3.5!

Note that in the last three equations we have conside
the lapse only to zeroth perturbative order. We are entitled
do this since in] tc4 all dependence onN(1) cancels out. To
prove this one can do an explicit computation, say us
computer algebra. An alternative way to see it is to not
that ]0c45Ltc4 whereta is a vector that includes the back
ground and first order perturbations of the lapse and shif
one now expands out this expression one gets]0c4
5Lt(0)

c4(0)
1Lt(0)

c4(1)
1Lt(1)

c4(0)
. Now, since c4(0)

van-
ishes identically for all time, the only contribution one has
]0c45Lt(0)

c4(1)
. Therefore the time derivative ofc4 does

not depend on the perturbative lapse and shift, since nei
Lt(0)

~by construction! nor c4(1)
~due to the proof we gave

above!, do.
The other pieces needed to build up] tc4 in terms of

hypersurface data only are]̂0Ki j , ]̂0G i j
k , and ]̂0R̄i j . The

latter are given by Eqs.~2.11!, ~2.16! and~2.15! respectively.
As before, we have to consider the zeroth order lapse o
For instance

]̂0Ki j 5N~0!F R̄i j 1KKi j 22KipKp
j

2N~0!
21¹̄ i¹̄ jN~0!2Ti j 1

1

2
Tgi j G

~1!

. ~3.6!

This completes our proof. A check of the relations~3.1!
and ~3.2! can be made in the Schwarzschild background
close limit initial data where@6# at t50 we have] tc5
2(2M /r 2) c.

IV. DISCUSSION

The issue of expressingc explicitly in terms of hypersur-
face data only appears as one of a purely technical chara
but it is of great practical use. This is especially true wh
one thinks of the important role played by first order pert
bative calculations as testbeds for comparison with full n
merical integration of Einstein equations. Note that sin
Eqs. ~3.1! and ~3.2! hold on anyt5const slice of the space
time cannot only be used to build up initial values forc and
] tc, but also at a later time to extract waveforms from n
merically generated space-times.

The above equations provide the desired link between
tial data~consisting ofḡi j andKi j ) and the Weyl scalarc4 .

Geometrical objects likeḠi j
k , R̄i j and R̄i jkl involve first and
9-3
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second derivatives of the metric. Since astrophysical ini
data for Kerr perturbations are usually only available throu
numerical integrations of the initial value problem@10# the
presence of second order derivatives could prove technic
challenging. Expression~3.1! also includes a source term
that allows to treat perturbations generated by motion or
fall of particles or accretion disks around Kerr holes.

If one chooses to work in the Teukolsky equation w
c052Cabgdl ambl gmd, which gives a better representatio
of ongoing gravitational waves, a completely analogous p
cedure applies to connect it to hypersurface data upon
placement of the double contractions with the correspond
null vectorsl a andmb instead ofna andm̄b. Also, we were
mainly concerned with perturbations around a Kerr bla
hole, but the proof can be carried out for any Petrov type
background~or type D if we the proof for bothc4 andc0).

Finally, we have been able to writec4 and c0 on the
hypersurfaceS t , but we did not say why. In fact it is no
warranted that one can do that with any object defined on
spacetime. Is this because they are first order gauge inva
objects? This should not be enough since we checked tha
c3 ~and the same forc1), we do not succeed in writing them
in terms only of objects on the slicet5const. The key point
here seems to be thatc4 and c0 are also invariant unde
tetrad rotations and then directly connected to physical qu
tities, whilec3 andc1 are not.
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APPENDIX: ALTERNATIVE EQUATIONS

We can put the results of this paper together to yield
following explicit expression of the first order perturbation
c4 in terms of perturbations in the 3-metricdgi j , perturba-
tions in the extrinsic curvaturedKi j , and several quantities
from the the background~Kerr! geometry, the spatial metric
(3)g(0)

i j , the extrinsic curvatureKi j
(0) , the lapseN(0) and the

shift Ni
(0) . We have already argued that first order perturb

tions of the principal null vectorsnm and m̄m will not con-
tribute todc4 so we have
dc45dAi jkl n
im̄jnkm̄l12dBi jknjm̄k@n0m̄i2nim̄0#1dCi j @n0m̄in0m̄j1nim̄0njm̄02n0m̄injm̄02n0m̄jnim̄0#

where

dAi jkl 5d~3!Ri jkl 1@K jl
~0!dKik1Kik

~0!dK jl 2~k↔ l !#

dBi jk5N~0!FD jdKik2
1

2
@Dkd

~3!gmi1Did
~3!gmk2Dmd~3!gik#~3!g~0! lm

Kl j
~0!2~k↔ j !G

1N~0!ldAli jk 1Ali jk
~0! d~3!glmN~0!

m

dCi j 5N~0!2Ail jm
~0! d~3!glm1N~0!2dAil jm

~3! g~0! lm
2@dBi jl N

~0!l1Bi jl
~0!d~3!glmN~0!,m

1Ajil
~0!d~3!glmN~0!

m1dAjil N
~0!l1dAil jmN~0!lN~0!m1A~0!

i l jmN~0!,kd
~3!gklN~0!m

1A~0!
i l jmN~0!, ld~3!gkmN~0!

k#

and

d~3!Rjkl
i 5

1

2
Dk@

~3!g~0! im
~Dld

~3!gm j1D jd
~3!gml2Dmd~3!gjl !#2~k↔ l !.

To calculate] tc4 we use the above expression fordc4 and plug in] td
(3)gi j andd] tKi j for d (3)gi j anddKi j in the above,

respectively. Where,] td
(3)gi j andd] tKi j can be obtained from Einstein’s equations as follows:

] td
~3!gi j 522N~0!dKi j 1N~0!k

d~3!gi j ,k1N~0!
ld

~3!glk ~3!g~0!
i j ,k1d~3!gikN~0!k

, j1
~3!g~0!

i l @d~3!gklN~0!
k# , j

1 ~3!g~0!
l j @d~3!gklN~0!

k# ,i1d~3!gk jN
~0!k

,i
9-4
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d] tKi j 5
1

2
@D jd

~3!gmi1Did
~3!gm j2Dmd~3!gi j #

~3!g~0!mk
N~0!

,k1N~0!@d~3!Ri j 22K ~0!k
jdKik22dKk

jK
~0!

ik

1K ~0!
i j dK1K ~0!dKi j #1N~0!k

dKi j ,k1dKikN~0!k
, j1dKk jN

~0!k
,i1K ~0!

i l @d~3!gklN~0!
k# , j

1K ~0!
l j @d~3!gklN~0!

k# ,i1N~0!
ld

~3!glkK ~0!
i j ,k

wheredK5 (3)g(0)i j dKi j 1Ki j
(0)d (3)gi j anddKi

j5dK jk
(3)g(0)ki

1K (0)
jkd (3)gki.
on

D

rk,
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