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Imposition of Cauchy data to the Teukolsky equation. Ill. The rotating case
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We solve the problem of expressing the Weyl scalathat describe gravitational perturbations of a Kerr
black hole in terms of Cauchy data. To do so we use geometrical identieh as the Gauss-Codazzi
relationg as well as the Einstein equations. We are able to explicitly expfessl d, as functions only of the
extrinsic curvature and the three-metfamd geometrical objects built out of ibf a generic spacelike slice of
the spacetime. These results provide the link between initial datajaredbe evolved by the Teukolsky
equation, and can be used to compute the gravitational radiation generated bsbiting black holes in the
close limit approximation. They can also be used to extract wave forms from numerically generated space-
times.[S0556-282098)00420-3

PACS numbg(s): 04.30.Db, 04.70.Bw

I. INTRODUCTION the 3+1 decomposition reviewed in Ref7] that are rel-
evant for our derivation. This has the advantage thas
Perturbation theory has emerged as a ubiquitous tool tautomatically independent of the shift, so we are left with the
study the dynamical evolution of situations involving black task of proving that terms depending on the first perturbative
holes without symmetries. In particular, it has recently beerorder lapse vanish. This is done in Sec. Ill, where we also
demonstratedi1] that it can be used to study the collision of build up d,¢ in terms only ofg;; and Kj; These results
black holes when the two black holes start close to eaclllow to compare, for a given set of |n|t|aI data, evolution
other. through integration of the full Einstein equations and Teu-
Up to now, use of perturbation theory in this context haskolsky equation(linearization around a Kerr holeand test,
been limited to non-rotating spacetimes. There is a well defor instance, the close limit approximation for orbiting holes.
fined formalism(the Teukolsky[2] equation for studying Notation: We use Ref{8] conventions. An overbar on
perturbations of rotating black holes. However, until verygeometric quantities means that they are three-dimensional
recently, studies had been limited to the frequency domainquantities, i.e. defined on the=const hypersurfaces, (an
given that the Teukolsky equation is not separable in thexception to this rule is the complex conjugation of the vec-
time domain. No one had therefore paid attention to the issutor m¢, i.e. m®). (a,8) and[a,B] on indicesa,B represent
of formulating initial data for the Teukolsky equation in the usual symmetric and antisymmetric parts respectively.
terms of Cauchy data for the perturbations. The lack of thigGreek letters indices run from 0 to 3 while latin letters indi-
formulation becomes an important issue given the recent deses run from 1 to 3. Subindex¢8) and (1) mean pieces of
velopment of codes to evolve the Teukolsky equation in theexclusively zeroth and first order respectively.
time domain[3].
In Ref. [4] this question was reexamined. It was noted that || GEOMETRIC STRUCTURE AND GRAVITATION
the expressions of Chrzanowslg] for the Weyl scalars),
and y, in terms of metric perturbations were written as sec- In this section we will set up several geometrical identi-
ond order operators on the four-metric and appeared incoriies that will be needed for the proof. Following RET] we
venient at the moment to use them for building up the initialwrite the metric as
values needed to start the integration of the Teukolsky equa-
tion. Referencé4] also showed how to solve the problem for ds?=—N?(6°)%+g;;6'6!, (2.3
a nonrotating background, i.e. perturbations around a
Schwarzschild hole by relating Weyl scalafsto the Mon-  with ¢°=dt and ¢'=dx + N'dt, whereN' is the shift vector
crief waveformse¢y,, an alternative description of metric andN the lapse.
perturbations explicitly built up out of the three-metdg The cobasi®® satisfies
and the extrinsic curvaturek;; of the hypersurfacet

=const. In Ref[6] the ¢y— ¢, relations were successfully 1
tested with a program for integration of the Teukolsky equa- do*=— —ngeﬁum (2.2
tion. 2
It is not obvious how to extend the above techniques to i i .
the rotating case. Thus, in the present paper we turned to ith Coj=—Cjo=4N' and all other structure coefficients

more geometrical approach that lead us to the desired relaanish. Note thagIJ gij andaj =g'.
tions for rotating holes. In Sec. Il we collect the results of  The spacetime connection one-forms are defined by
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whereI';, are the Christoffel symbols. These connectlon

forms are written out explicitly in9]. In particular, o'y
—F'Jk—I‘ jk» and the extrinsic curvature is given by

0_ —-175
Kij__Nwij___N 309ij , (24)
where we define the operator
Jo=—— L 2 5)

with £y the Lie derivative on the hypersurfady with re-

spect to the vectoN'. Note thatd, and 4, commute.
The Riemann curvature tensor is given [I9Y}
R0 =1 wﬁo Ig0 gyt 0%\, 0" gy — 0%\ ;0" g,

In the next section we will need to rewrite the Weyl sca-
lars in terms of hypersurface quantities only. With this aim
we relate the space-time Riemann tensor components to the
3-dimensional Riemann and the extrinsic curvature tensors,

Rijki :Eijkl"'ZKi[kKl]j : 2.7)
ROinZZNV[J‘KK]i y (28)
Roioj= N(doKj; +NKipKP+ V;V,N).
(2.9
Another important relation in three dimensions is
Rijki = 2dikRip; +29;11Rigi T RAin 9y - (2.10
The Ricci tensoR,, =R,z is given by
Rj =Ry~ N~ 19K;; +KKj; — 2K;oKP,~ N1V, VN,
(2.11
Roi=NVI(Kg;; —Kjj), (212
Roo=NV 2N —N2K , KP4+ NgoK. (2.13
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where

dol'; = — 2V i(NK;)¥) + VK(NK;)). (2.16
Note that writing equations in terms @5 instead ofg;
allowed us to get rid of the shift dependence. This is because

d, is orthogonal to the spacelike hypersurfate With the
identities we derived in this section we are now ready to
attack the main point of this paper.

Ill. WEYL SCALARS FOR FIRST ORDER
PERTURBATIONS

For the computation of gravitation radiation from astro-
physical sources it is convenient to work with the Weyl sca-
lar

¢4: - Caﬁyénamﬁn ymé,

since it is directly related to the outgoing gravitational
waves. Fory, (and i) it is equivalent to work with con-
tractions of the Riemann tensor even in non-vacuum space-

times(sinceg,,,n“m”=0):
— 4=Rijiun'mn*m' + 4Ry nmiInkm
+4Rgjon°mIn[Oml.

Equations(2.7) and (2.8) directly give us the two first
terms in the above sum in terms of hypersurface geometrical
objects @;; ,Kjj). In the last term we have to make use of the

Einstein equatiori2.11) to eIiminate??oKij . If one now con-
siders first order perturbations around a Kerr hole, one would
have to consider iy, two types of terms: terms that involve
first order perturbative Riemann tensors contracted with the
background tetrads and terms that involve the Riemann ten-
sor of the background contracted with three background and
one perturbative tetrads. It is not difficult to see that the latter
terms vanish for the Kerr background. For the Kerr geometry
the only non-vanishing Weyl scalar is ¢,
Raﬁyﬁl‘“mﬁan‘S and one can quickly see that the above
contributions, even with one of the tetrads being a perturba-
tive one, still vanish. For instance, consider the term

Rijkion(ym'nkm'. This term vanishes because it is con-

tracted with twom vectors, and any contraction with a re-
peated tetrad vector of the Riemann tensor similarly vanishes
for the Kerr spacetime. Arguments along the same lines ap-

In order to take into account the source terms, we considgsly to the other terms.

the Einstein equations a%aﬁ Top— 2gaﬁT For instance,
the “energy constraint” is defined by

1 —
Go=5 (KM= KZ=R)=T"%. (2.14
Finally, from the above definitions
ﬁoRu Vk(ﬁol“ )=V, (ﬁol“ ), (2.19

Let us turn our attention to the terms that involve the first
order Riemann tensors contracted with the background tet-
rads. Taking a look at Eq42.7)—(2.9) we see that if one
considers first order perturbations, we will have expressions
involving the first order extrinsic curvature, metric, and
lapse. We do not want our final expression to depend on the
perturbative lapse. It is easy to see that it actually does not
depend on it. FORy;; we see that the lapse appears as an
overall factor. So the expression evaluated for the perturba-
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tive lapse is proportional to the expression evaluated in the . — —
background, which vanishes. FBgo;, if we rewrite it us- JoRijki = —4N(0)) KikRijj = KjkRyi
ing the Einstein equatiof2.11), the lapse again appears as

an overall factor and the same argument asRigyi applies. —

As a separate check, we have verified the independence on 2 R(Ki[kglli_KJ[kglli)}

the perturbative lapse and shift using computer algebra. . .
The final result for the first order expansion of the Weyl +29i[k:90RI]j — Zgj[k‘}ORl]i

scalary, therefore is o R
. o = 0ikdijdoR+ 2Kk doKyy;
_lﬂ'(l):[Rk|+2K kKI ] 1 nlmjnkml ~
4 ' R - — 2K 1doK )i - (3.5
— 4N o[ Ky +TH K nlmiInkm
oK1t TipKipla) Note that in the last three equations we have considered
, | = o the lapse only to zeroth perturbative order. We are entitled to
+4N{g)| Rji —KjpKi+KK;) do this since i, all dependence oN ;) cancels out. To
prove this one can do an explicit computation, say using
(03103 computer algebra. An alternative way to see it is to notice
nmEnTm 3D thatdgp,= L, wheret? is a vector that includes the back-
@ ground and first order perturbations of the lapse and shift. If
, L — one now expands out this expression one gé
whereN )= (ggacd 7 is the zeroth order lapse},m/ are  _ v +£p Vo Ly Npow since ¢ gvéaﬂ:f_
two of the null vectors of thézeroth order tetrad(see Ref. . ') 4o " o) ") )T o) > T .
ishes identically for all time, the only contribution one has is

[2]), latin indices run from 1 to 3, and the brackets are com- " . o
puted to only first ordefzeroth order excluded ﬁow“_ﬁt(o)‘/"‘(l)' Therefore the time derivative o, does

To obtain 4,4, the other relevant quantity in order to Not depend on thg perturbative lapse and shift, since neither
start the integration of the Teukolsky equation, we can oper£t, (Y construction nor ¢, , (due to the proof we gave

1
—Tit 5T

ate withd, on ¢, given by Eq.(3.1) to find above, do. _ _
The other pieces needed to build up/, in terms of
f?t'/f511)=Ng’o)%(%)—niﬁnkm[aoRijm](l) hypersurface data only a@K;;, aorikj , and dpR;;. The
o latter are given by Eq$2.11), (2.16 and(2.15 respectively.
+ 4N, nmIn*m'[ 36K 1 As before, we have to consider the zeroth order lapse only.

R — For instance
+ 3ol Ky + TiedoKippl )

—4N(20)n[05”n[°ﬁ'1[ R, doKij = N(o)| Rjj + KKjj = 2K;KP;
J

o == 1
— 2K{ oK j)p— 2N(g)Kjp KK ~NgViViNo~Tij+5Tgj| . (3.6
(1)

+ Ky doK + KoKy — doT;
7o ot ol This completes our proof. A check of the relatiof®s1)

1 and(3.2) can be made in the Schwarzschild background for
+§91IT_N(0)TK1I (B2 close limit initial data wherg 6] at t=0 we haved,y=

1) —(2M/r?) .

where we made use of the equality
IV. DISCUSSION

gip;;)ogpj: 2N K{ : The issue of expressing explicitly in terms of hypersur-
o o . face data only appears as one of a purely technical character,
The derivatives appearing in E¢3.2) can be obtained but it is of great practical use. This is especially true when

from Eq.(2.13 one thinks of the important role played by first order pertur-
. . bative calculations as testbeds for comparison with full nu-
c7oK=N(O)ququ—VzN(o)—N(_O}Too, (3.3  merical integration of Einstein equations. Note that since
Egs.(3.1) and (3.2 hold on anyt=const slice of the space

from Eq.(2.14 time cannot only be used to build up initial values foand
dyp, but also at a later time to extract waveforms from nu-
5 R=2KPI5 K. + 4N~ K. KPKSI—2KH K —25 TO. merically generatedl space-tir_nes. _ _ N
0 0™pa (0 pats 0 0 ((’3 4 The above equations provide the desired link between ini-

' tial data(consisting ofg;; andK;;) and the Weyl scalag, .

and from Eqgs(2.10 and (2.4 Geometrical objects Iik(Fikj » Rij andRjj involve first and
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mainly concerned with perturbations around a Kerr black
hole, but the proof can be carried out for any Petrov type I
backgroundor type D if we the proof for both), and ).

Finally, we have been able to writ¢, and ¢, on the . .
hypersurfaceS,, but we did not say why. In fact it is not  We can put the results of this paper together to yield the
warranted that one can do that with any object defined on thollowing explicit expression of the first order perturbation in
spacetime. Is this because they are first order gauge invariaif in terms of perturbations in the 3-metréy;; , perturba-
objects? This should not be enough since we checked that f&ns in the extrinsic curvaturéK;;, and several quantities
5 (and the same fag;), we do not succeed in writing them from the the backgroun¢Kerr) geometry, the spatial metric
in terms only of objects on the slite=const. The key point 'g®;; , the extrinsic curvatur&(”, the lapseN(®) and the
here seems to be that, and ¢, are also invariant under shift N{®2. We have already argued that first order perturba-
tetrad rotations and then directly connected to physical quartions of the principal null vectora* and m* will not con-
tities, while 3 and ¢/, are not. tribute to 8¢, so we have

APPENDIX: ALTERNATIVE EQUATIONS

Sipa= SAjn' minkm' + 268, n! m n°m’ —n'm°]+ 5C;; [n°m'n°m’ + n'm°nim®— n®m'nim®— n®min'm°]

where
SAjk = 8@ Ry + [K}I())éKik'l' Ki(l?)5Kj| —(ke1)]
&Bjji=N'?| D; 5Ky — %[Dké(a)gmi"' D; 8¥gmi— Dm5(3)gik](3)g(0)lmK|(jO)_ (ke])
+NOSA + AR 5P g N
8C;;=N@2A(0) 53)g'm+ N<°>25A§|3jg9<0>'m—[53”. N+ B 6®g™N©@,
+AQFIGTNO, - 5AL N+ 5A, L NOTNOMLAO), L NO | 53GHNO
+ A0 NO I SIGETNO) ]
and

i 1 im
8 IRj =5 DKl *'9 (D18 g+ D8 VG~ Dd ¥ gj1) 1 - (ke ).

To calculated; s, we use the above expression @, and plug ind,6®)g;; and 80,K;; for §)g;; and 5K;; in the above,
respectively. Whereat5(3)gij and 6d;K;; can be obtained from Einstein’s equations as follows:

k
2:69)g; = — 2N© 5K, + N 53g,,  +NO, 5@)glk Bg(0), 1 53g, NOK 1 (B)gO), [ 5gKINO), ] |

+ (g0 [ SRGHNIO), ]+ 5)g, N(OK,
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1 k
80K = [D; 8¥gmit+ D; 83 gmi— Do ¥g;;1%g @ N©@ | + NO[ SR — 2K Ok 5K, — 25K KO

+ KO 8K+ KO 5K T+ NO 8K o+ K NOK  + 5K NOK 4 KO [ 5@ gHN(O), ] |
+K O, [6FgIN©O, ] i+ N©@ 53gkK O

where 5K =®g©" 5K, +KD6®g! and 5K';= 5K 3 Pg@" + K@, §@gH.
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